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We show that a shot noise free current at conductance below 2e2/h is possible in short interacting
quantum wires without spin-polarization. Our calculation is done for two exactly solvable limits
of the “Coulomb Tonks gas”, a one-dimensional gas of impenetrable electrons that can be realized
in ultra-thin quantum wires. In both cases we find that charge transport through such a wire is
noiseless at zero temperature while the conductance is reduced to e2/h.
PACS numbers: 73.63.Nm, 73.21.Hb, 72.70.+m
The current through short electrical conductors is
generically noisy even in the absence of thermal fluctu-
ations. This nonequilibrium noise is usually referred to
as shot noise and originates from backscattering of elec-
trons in the conductor [1]. The model of noninteracting
electrons predicts that shot noise can only be avoided
in fully ballistic wires without scatterers for electrons.
The conductance of such wires is quantized in multiples
of the conductance quantum 2e2/h [2, 3]. This implies
that the electrical current through a noninteracting wire
with conductance below 2e2/h is bound to be noisy un-
less one polarizes the spins of electrons. The suppression
of shot noise for ballistic wires with conductance equal to
a multiple of 2e2/h has been verified experimentally for
quantum point contacts [4]. Recently, however, experi-
ments on similar conductors have shown that shot noise
can be suppressed as well at conductance ≃ 0.7× 2e2/h,
i.e., below the ballistic conductance minimum 2e2/h [5].
The measured suppression cannot be understood
within the model of noninteracting electrons unless one
assumes the breaking of a symmetry, e.g. by spin-
polarization [5]. Hence, one may ask whether it is possi-
ble to have noise-free conduction at a conductance below
2e2/h as a result of electron-electron interactions, but
without spin-polarization. In this letter we show that
the answer is positive. For a specific theoretical model,
the strongly interacting “Coulomb Tonks gas” of impen-
etrable electrons [6, 7], we find a noiseless charge current
in a wire with conductance 0.5 × 2e2/h. It is accom-
panied by pronounced spin current fluctuations, which
precludes a spin-polarization of electrons as the mecha-
nism of conductance reduction. Our calculation is done
for a finite-length wire in two exactly solvable limits: a
high applied bias, and a fast spin-relaxation rate. The
Coulomb Tonks gas can be realized in ultra-thin wires,
such as carbon nanotubes [6], for which there exists some
experimental evidence of an anomalous conductance re-
duction [8].
Theoretically it has been shown by Matveev that the
low-bias conductance of a quantum wire is reduced to
e2/h at low electron density, when interactions induce the
formation of a Wigner crystal, if the temperature is larger
than the typical energy J of spin excitations [9]. This is
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FIG. 1: Hubbard chain with sites j coupled to electron reser-
voirs L and R. The hopping amplitude λj varies along the
chain and there is a repulsive on-site interaction U .
one of the scenarios that may explain the anomalous con-
ductance reduction observed experimentally in quantum
point contacts [10]. The Coulomb Tonks gas studied here
is closely related to Matveev’s model at J = 0, since im-
penetrable electrons have no exchange interaction.
We model a wire in the Coulomb Tonks gas regime by
a Hubbard chain with infinite on-site repulsion, U →∞.
For an infinite-length Hubbard chain, this model can be
formulated in terms of spinless holes and a static spin
background. As the only charge carriers are spinless
fermions, one expects that such a chain has a reduced
conductance of e2/h without shot noise. Nanoscale con-
ductors studied in experiments, however, have a finite
length and they are connected to bulk leads with well-
screened interactions. As the example of Luttinger Liq-
uids shows, these contacts can nullify interaction effects
on the conductance [11] as well as the shot noise [12] in
infinite wires. Once coupled to noninteracting reservoirs,
the spin background in the infinite-U Hubbard chain ac-
quires nontrivial dynamics because of spin-exchange pro-
cesses of the chain with the reservoirs, making the model
hard to solve. Below, we will identify two limits in which
this spin dynamics can be controlled and the transport
properties of the system can be evaluated exactly.
The system we consider is shown in Fig. 1. The sites
of the infinite-U Hubbard chain are labeled j = 1, . . . , n.
The Hubbard chain is coupled to two noninteracting
leads, with sites j ≤ 0 and j > n. We introduce opera-
tors ψjσ that annihilate an electron with spin σ on site
j in the leads and cj that annihilate a hole at position j
in the Hubbard chain. The spin index σ takes the values
1, . . . , 2S + 1. We also introduce operators S†Lσ and S
†
Rσ
2that add a spin σ to the left and right of the spin config-
uration of the Hubbard chain, respectively. Our model
Hamiltonian then reads
H = Hlead +Hchain +H
′, (1)
with
Hlead = λ
∑
σ

∑
j<0
ψ†jσψj+1σ +
∑
j>n
ψ†jσψj+1σ

+ h.c.
Hchain =
n−1∑
j=1
λjc
†
jcj+1 + h.c.
H ′ =
∑
σ
(
λ0ψ
†
0σc
†
1SLσ + λnψ
†
n+1σc
†
nSRσ
)
+ h.c.,
where we allowed for spatial variations of the hopping
amplitude λj of the Hubbard chain.
Moments of the number ∆Nσ = Nσ(τ)−Nσ(0) of spin
σ electrons that are transported through the chain during
a time τ can be obtained from the generating function
Z({ξσ}) = Tr e−iξN e−iHτ eiξN ρ eiHτ . (2)
Here ρ is the initial density matrix of the conductor and
ξN abbreviates
∑
σ ξσNσ with Nσ =
∑
j≤0 ψ
†
jσψjσ . For
large τ , Z generates zero-frequency (spin) current corre-
lators upon differentiation. We rewrite Z as
Z({ξσ}) = Tr e−iHξτ ρ eiHτ , (3)
where Hξ = exp(−iξN)H exp(iξN). Hξ is obtained from
H by the substitution ψjσ → eiξσψjσ for j ≤ 0. Since
the Hamiltonian (1) is quadratic in the fermions, the lead
fermions may be integrated out, so that the generating
function Z takes the form
Z({ξσ}) =
〈
Tc exp
[
−iλ20
∫
c
dt1dt2
∑
σ
S†Lσ(t1)c1(t1)GLσξ(t1, t2)c
†
1(t2)SLσ(t2)
− iλ2n
∫
c
dt1dt2
∑
σ
S†Rσ(t1)cn(t1)GRσ(t1, t2)c
†
n(t2)SRσ(t2)
]〉
chain
, (4)
where c denotes the Keldysh contour, GL and GR are
Keldysh Green functions for the sites 0 and n + 1, re-
spectively, and the averaging brackets 〈. . .〉chain repre-
sent an average with respect to the Hamiltonian Hchain
of the uncoupled Hubbard chain. Using matrix notation
in Keldysh space, one has GLσξ = e
iξστ3/2GLσe
−iξστ3/2,
where τ3 is the third Pauli matrix in Keldysh space.
The first limit in which exact results can be obtained is
that of reservoirs with a large bandwidth λ→∞ that are
completely filled with electrons on the left and completely
empty on the right side of the chain. In that case, the
reservoir Green functions GL and GR take a particularly
simple form,
GL(t, t
′) =
2i
λ
δλ(t− t′)
(
θ(t′ − t) 1
0 θ(t− t′)
)
, (5)
GR(t, t
′) = −2i
λ
δλ(t− t′)
(
θ(t− t′) 0
1 θ(t′ − t)
)
, (6)
where δλ is an approximation to a Dirac delta-function
with width 1/λ. In order to be able to take the limit
λ→∞ while having a finite transport current we assume
that the bandwidth of the chain is adiabatically reduced.
We assume that λj = λ for j close to the boundaries
of the Hubbard chain at j = 1 and j = n, and that λj
is adiabatically reduced to a value λj = λr ≪ λ in the
center of the chain, j ≃ n/2.
Below, we will argue that, in this limit, one may make
the following substitutions in the exponent of Eq. (4),∑
σ
S†Lσ(t1)GLσξ(t1, t2)SLσ(t2) →
∑
σ
GLσξ(t1, t2),
∑
σ
S†Rσ(t1)GRσ(t1, t2)SRσ(t2) → GRσ(t1, t2). (7)
After these replacements, the generating function Z is
readily calculated, and we find
lnZ = τ
h
∫ 2λr
−2λr
dω ln
[
1 +
T (ω)
2S + 1
∑
σ
(eiξσ − 1)
]
, (8)
where, for λn = λ,
T (ω) =
(2S + 1)|λ0|2(4λ2 − ω2)
(λ2 + (2S + 1)|λ0|2)2 − (2S + 1)|λ0|2ω2 . (9)
(We set λn = λ to simplify the expressions reported here;
it is not essential for the calculation.) The function T (ω)
reaches its maximum Tmax(ω) = 1 for λ0 = λ/
√
2S + 1
[13]. While the maximum current in the correspond-
ing wire without interactions would be Imaxn = −4(2S +
1)λr e/h, Eq. (8) implies for the interacting case
Imax =
1
2S + 1
Imaxn . (10)
3Hence, for electrons with spin S = 1/2 interactions re-
duce the maximal charge current by a factor of 2. This
signals a reduction of the conductance of the wire from
2e2/h to e2/h, as in the infinitely long system. Every
spin component carries an equal part of that total charge
current independently of the chosen spin quantization di-
rection: the electrons in the wire are not spin-polarized.
This absence of spin-polarization in the wire is also re-
flected in fluctuations of the spin currents through the
wire. At maximal transmission we find for their variance
var∆Nσ =
4λrτ
h
2S
(2S + 1)2
. (11)
In contrast, the charge current is noiseless in this case:
var
(∑
σ
∆Nσ
)
= 0. (12)
Our model therefore indeed exemplifies a mechanism of
conductance reduction through electron-electron interac-
tions that does not introduce any shot noise. Instead
of blocking the transport of electrons with certain spin
directions by spin-polarizing the wire, this mechanism
reduces the conductance by limiting the density of con-
duction electrons to the spinless case while allowing them
to have arbitrary spin.
We now discuss the justification of the replacements
(7). This is done by expanding the exponential of Eq.
(4) in powers of λ0 and λn. For simplicity we specialize
to the case λ0 = λn/
√
2S + 1. Since the spin opera-
tors SLσ and S
†
Lσ have no dynamics in the absence of
coupling to the reservoirs, the time dependence of the
spin operators is not important; only their order in the
contour-ordered expression (4) matters. To second order
in λn, the causal structure of the reservoir Green func-
tion GL is such that SLσ(t2) always appears to the left
of S†Lσ(t1). Since SLσS
†
Lσ = 1, the first substitution rule
(7) follows. Similarly, the causal structure of the reservoir
Green function GR is such that SRσ(t2) always appears to
the right of S†Rσ(t1). The operator product S
†
RσSRσ = 1
if the right-most electron of the Hubbard chain has spin
σ, and S†RσSRσ = 0 otherwise. Hence
∑
σ S
†
RσSRσ = 1,
and the second substitution rule of Eq. (7) follows.
We next prove the substitution rules (7) for higher or-
ders in λn. A key ingredient in this will be the locality
of the reservoir Green functions which groups spin oper-
ators into ordered pairs that act almost simultaneously.
This essentially decouples different spin operator pairs
and the rules (7) follow like at first order in λn. To
show this we decompose the hole annihilation operators
cj = cj,e + cj,t into a contribution cj,e from evanescent
states of the chain at energies ǫ ≥ 2λr and a contribution
cj,t from transmitting states with ǫ < 2λr. In any term
of an expansion of Z in powers of λn we first contract all
hole operators cj,e into pairs using Wick’s theorem. This
produces sequences of the form
DL;l =
∫
c
dt2 . . . dtl−1 c1,t(t1)S
†
L(t1)GLξ(t1, t2)
× SL(t2)ge(t2, t3) . . . SL(tl)c†1,t(tl), (13)
consisting of spin operators and two transmitting hole
operators c1,t, connected by Green functions for lead
and chain fermions. All evanescent hole states on the
left side of the chain are unoccupied because of their
proximity to the left reservoir, so that the evanescent
hole Green function ge has the same causal structure
as GR, cf. Eq. (6). This assures that after time or-
dering all spin operators in such sequences are grouped
in pairs S†L(ti)GLξ(ti, ti+1)SL(ti+1) originating from the
same reservoir Green function with no other spin opera-
tor SL or S
†
L acting in between. The substitution rules
(7) follow then for such sequences as before for a sin-
gle pair. The same arguments hold for the right side
of the chain. It remains to contract the operators cj,t
at the beginning and at the end of sequences DL,R,l of
the form (13). Here, nothing prevents spin operators of
one sequence DL,R;k to occur in time between operators
S†L(ti)GLξ(ti, ti+1)SL(ti+1) in another sequence DL,R;l.
Such events cause corrections to the generating function
calculated with the substitution rules (7). However, be-
cause of the locality of the lead Green functions G, such
corrections occur only in time intervals of length 1/λ.
This is much shorter than the range of the integrals over
the times t1 and tl of sequencesDL,R;l, which is set by the
time scale 1/λr on which the Green functions of transmit-
ting hole states vary. Therefore, corrections are of order
λr/λ, and can be neglected in our limit λr/λ→ 0.
To make this argument rigorous one needs to estimate
the corrections to all terms in an expansion of the cu-
mulant generating function lnZ. Only “connected” dia-
grams contribute to lnZ. Spin operators in its expansion
can be connected either by fermion Green functions or by
deviations from the operator ordering underlying the sub-
stitution rules (7). As we argued above, the corrections to
diagrams where all spin operators are connected by Green
functions are of order λr/λ. Let us now estimate the cor-
rection arising from diagrams that are connected because
of deviations from the ordering underlying the rules (7).
Hereto, note that a product of two sequences j and k of
spin operators that are connected cyclically by fermion
Green functions only within themselves still contributes
to lnZ if a spin operator of one of the sequences acts
in between an operator pair S†L(ti)GLξ(ti, ti+1)SL(ti+1)
of the other sequence. When uncorrelated the two sub-
sequences are of order τ(λn/λ)
2njλr and τ(λn/λ)
2nkλr,
respectively, where nm is the number of reservoir Green
functions G contained in sequence m. Correlations be-
tween the subsequences occur for the time 1/λ over which
spin operators interfere and the corresponding correction
4is therefore of order τ(λn/λ)
2nj+2nk(λr/λ)λr. This is
of the same order as the correction to a sequence con-
nected entirely by Green functions at the same order in
λn. This correspondence holds for diagrams with an ar-
bitrary number of connections by spin operators. We
now take into account that every one of the discussed
sequences contains many pairs of spin operators that can
interfere with other operators. We estimate that at order
(λr/λ)
k the correction ∆k;l to a term of order 2l in λn in
the expansion of lnZ is of relative order
∆k;l ∼
(
2l
k
)(
λn
λ
)2l(
λr
λ
)k
. (14)
Summing up these contributions one finds that the total
correction to lnZ is of relative order ǫ ≪ 1 if λn/λ <
exp(λr ln ǫ/λǫ). In the limit λr/λ → 0 the substitution
rules Eq. (7) are therefore justified for arbitrarily good
transmission T < 1, where T → 1 in the limit λn → λ.
The second limit in which exact results can be obtained
is in the presence of additional spin relaxation processes
in the Hubbard chain. To the Hamiltonian (1) we add a
random time-dependent magnetic field that causes spin
memory to be lost at a rate γS . In the limit γS ≫ |λ|
our model is again exactly solvable, now both in and
out of equilibrium and without assumptions about λj .
To demonstrate this we consider a wire with a constant
λj = λ. Every operator SRσ(t) or SLσ(t) in an expansion
of Z is nonvanishing only if σ equals the state of the last
or first spin of the Hubbard chain at time t. In the limit
γS ≫ |λ| any memory of the state of the spin put into the
chain by previous actions of the operators S†Rσ and S
†
Lσ
is immediately erased by relaxation processes. After av-
eraging over the random magnetic field, every term from
the exponent of Eq. (4) contributes therefore only for one
random spin state σ. This allows us again to represent
Z by an expression of the form of Eq. (4) without spin
operators. To obtain the generating function of charge
currents we set ξσ = eξ and evaluate Eq. (4) with the
substitutions∑
σ
S†µσ(t1)Gµσ(t1, t2)Sµσ(t2) → Gµσ(t1, t2), (15)
µ ∈ {L, R}, to find that
lnZ = τ
h
∫ 2λ
−2λ
dω ln {1 + T (ω)[
fL(1− fR)
(
eieξ − 1)+ fR(1 − fL) (e−ieξ − 1)]} .(16)
Here, T (ω) is given by Eq. (9) evaluated at S = 0 and
fµ are the occupation numbers of reservoir states. T (ω)
now reaches its maximum Tmax(ω) = 1 for λ0 = λn = λ.
Charge transport through the chain becomes indistin-
guishable from that through a noninteracting single-
channel conductor for spinless fermions. We again find
noiseless charge current at zero temperature while the
conductance is reduced to e2/h, a factor 2S + 1 smaller
than its noninteracting value. This shows that the dis-
cussed mechanism of noiseless conductance reduction
works also in equilibrium and for a not fully occupied
electronic band. In fact, the condition for the spin relax-
ation rate γS may be relaxed for a wire with an almost
empty conduction band. For a long wire, n≫ λ2/∆λγS ,
Eq. (16) can be shown to hold also in the experimentally
more relevant situation that the spin decoherence rate
in the wire exceeds the range ∆λ of energies for which
electronic states are appreciably occupied, γS ≫ ∆λ [14].
In conclusion, by studying two exactly solvable lim-
its of a Coulomb Tonks gas coupled to bulk leads, we
have shown that strong electron-electron interactions can
lead to a noiseless conductance reduction without spin-
polarization. One may speculate that the same mecha-
nism could be operative also in other parameter regimes.
As such it appears to be a plausible alternative interpre-
tation of the measurement of a suppression of shot noise
at the 0.7-plateau of quantum point contacts reported
in Refs. [5]. Further evidence for the studied mecha-
nism could be found in similar measurements on carbon
nanotubes, to which our model applies more directly [6].
Such measurements could moreover put an important
constraint on theories of the anomalous conductance re-
duction observed in some quantum wires [8, 10].
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